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1
INTRODUCTION TO DYNAMICAL SYSTEMS

Roughly speaking, a dynamical system is a system that evolves (changes) in time accord-
ing to some rules. This includes the position of the planets, moons, and stars, flows of

fluids, and the movement of a wave or particle.
The rules that govern these systems might be complex and unknown. We use physical

priniciples to derive a set of rules.
Definition 1.1 (Dynamical System). A dynamical system is a 3-tuple of
« a state space X,

« asetoftimesT,

« afunction®: T x X — X.

Usually, one also adds a semigroup structure both to 7" and ®.
We will use X = R" or X = M a euclidean manifold (or X a function space). For
continuous systems, we have 7' = R or T' = R, = [0, 00). For discrete systems, we have

T =7%7ZorT =Np.
®(t, zo) gives the state of the system at time ¢ € T if the system was initially (that is

say at t = 0) in the state zg € X.
This definition is incredibly abstract and much too general for the purpose of this
course. In practice, we will think of a continuous dynamical system to be the flow of an

autonomous ordinary differential equation
z = f(x). (1.1)

Assuming (1.1) has global-in-time unique solutions (for example if f is Lipschitz), we may

define the flow via
O(t,z9) = x(t), where z is the unique solution to {
Note that ® is a semigroup: it holds for all zg € X and ¢, s € R

(1) q)(oamo) = Zo,

(2) D(t,P(s,20)) = D(s,P(t, o)) = (t + s,20).
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Observe in particular that @ is invertible. In fact, if f is smooth, ® is a continuous family
of diffeomorphisms of the state space X.

A discrete dynamical system might come from sampling a continuous time system.
Thereforem, choosing a time-step size ¢y, we may define the map

F(CL’()) = @(to,xo).
Then we obtain a discrete dynamical system
D:Zx X = X : D(n, ) = ®(nty,x0) = F™(x0).

Here and in the future, we denote by F" the n-th iterate of F'!. We will only consider

discrete dynamical systems to be of this form, i.e. to come from a homeomorphism?
F: X —X.

Example 1.2 (Continuous systems).

(a) Simple harmonic oscillator: consider a mass m hanging of a spring. If x denotes the
displacement of a spring from its equilibrium position and using Hooke’s law?, then
the dynamical behaviour of the spring is given by

mi = —kx.

This equation can be transformed into a first-order autonomous ODE of the form

i) ()

(b) Two-body problem: the motion of two bodies through physical space R? with masses
mq, me considering gravitational pull is given by

gmima(z2—xy)
|z —z2[3

mi&r = Fia(z1 — 22) =
Mmoks = Fo1 (21 — x2) = —Fia(x1 — x2).

Here g > 0 denotes the gravitational constant.
(c) Hamiltonian systems: there is an underlying structure for (a) and (b). If H =

H(q,p): X x TX — Ris a function, we define the correspoding Hamiltonian sys-
tem via

_ O0H
4= 34

_ _0H
p op

We interpret ¢ to be the position and p as the momentum of our moving body.
For (a), we have X = T'X = R and the Hamiltonian is given by

k2 kq?
H(q,p) = 9 o

For (b), we have X = TX = R? x R3 and we have

H(q17q2ap1ap2) =K — Ua
|]91|2 |p2|2
K =l P2l
(pl’pQ) 2m1 + 2m2
gmima

B |Q1 —qu'

)

Ulg1, g2)

UThat is
F"=Fo.--0oF.

n times

2 Or very soon from a diffeomorphism in a specific
regularity class.

* Hooke’s law: the restoring force of a spring is propor-
tional to the displacement

Frooke = —kw,

k the spring constant.

Here, T'X is the abstract tangent space of X. So if
X = R", then we will identify T X = X.



K denotes the kinetic energy of the system and U denotes the potential energy of the
system.

(d) Infinite dimensional dynamical systems: such as the wave equation
O*u — Au = 0.

Example 1.3 (Discrete dynamical systems). (a) Any diffeomorphism of a euclidean
manifold M, f: M — M gives rise to a dynamical system

O:7Zx M— M:P(n,zg) = f"(x0).

(b) Rotations of the circle: denote by S* = {2 : § € [0, 1]} the circle and let M = S*.
For v € [0, 1), consider the diffeomorphism R, : S' — S given by rotation with angle

27, that is
R, (627ri9) _ 627ri(9+oz) )

Observe that then
Ra<627r119)n _ 627r1',(9+na) = Ruo (62ﬂi0).

(c) The Chirikov standard map: denote by T” the n-dimensional torus* and consider the

diffeomorphism

f: T2 5 T2 - f(e27r7,'97 627rip) _ (627ri(9+p+Ksin 9)’ 627Ti(p+Ksin 9))

We will study the rotations on the circle in more detail in Chapter 2.
A general dynamical system can have very different kinds of behaviour. There might be

order or chaos. We collect different notions of order.
Definition 1.4. Given a dynamical system (X, T, ®), we define
(i) We define the orbit starting at 9 € X by
Yoo = {P®(t,z0) : t € T}.
(i) We call g € X a stationary point® if
Yzo = {To}-
(iii) An orbit ,, is called periodic if there is ¢ # 0 such that

(I)(t, {I?()) = X0-

(iv) An orbit 7., is called quasi-periodic if t +— ®(t, () is a quasi-periodic function®, that
is if
D(t,x0) = fwit, ..., wyt),
where f: T™ — X, for some n € N, is periodic in each component and w1, . ..,w, €
R are rationally independent.
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Ra ( 62772'9)

ﬁ (2t

Fig. 1.1: Rotation with angle 27«

s =8l x ..o x ST
N—

n-times

* Observe that for an autonomous ODE & = f(z), a
point is a stationary point if and only if f(z¢) = 0.
For a discrete system given by a homeomorphism

F: X — X, apoint is stationary if and only if it is a
fixed point F'(zo) = xo.

¢ For example the function
t — sin(at) + sin(bt)

with a and b rationally independent is quasi-periodic.
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KAM THEORY FOR DIFFEOMORPHISMS OF THE CIRCLE

In this chapter, we will discuss the KAM theory for diffeomorphisms of the circle. We
begin by analysing the dynamics of the rotation map. Before we study small analytic
perturbations of the rotations, we need to define the rotation number and we will prove
Denjoy’s theorem.

Before we start, we need to fix some notation: consider the circle S' = {62”9 e C:
0 €10,1)} 2 R/Z!. Then R forms a covering space of S* with cover given by

m:R = St x e 2T
In particular, 7(z + z) = 7(z) for all z € Z.

Definition 2.1. Let f: S* — S a continuous map of the circle. Then f: R — R is called
aliftof fto Rif
o f = fom.

Lemma 2.2. Every continuous map f: S — S hasa llﬁf toR.

Proof. Exercise. O

Remark 2.3. 1) If f: S' — S!is a homeomorphism of the circle, then fis strictly
monotone. If f is orientation-preserving, then f is increasing. If f is orientation-
reversing, then f decreases.

2) Iff: R — Ris alift of f: S* — S, then so is er m for any m € Z. Vice versa, all
lifts differ only by a translation by m € Z.

3) For every lift it holds
flz+1) = flz)+d.
If f: S — S'is a homeomorphism, then d € {4-1}.2 Here, d = 1 if and only if f is
orientation-preserving. d is called the degree of f and x — F(x) — dx is periodic with
period 1.

4) The map f(z) — x is periodic with period 1.
Exercise. Let f: S' — S! be an orientation-reversing homeomorphism. Show that f has
exactly two fixed points.
Example 2.4. Let f: S — S': f(e2™) = £2™(0+2) the rotation by angle o € [0, 1).
Then f(z) = = 4 a is a lift.

! We will relatively freely identify both constructions.

% The opposite direction is false in general.
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1 Thedynamics of the rotation map
Definition 2.5. For @ € [0, 1) we define the map

Ro:R/Z = R/Z: Ro(z) = (z + @) mod Z
as the rotation of the circle S* = R/Z.

Observe that R)) (z¢) = z¢ + na mod Z for any n € Z. We will now study the
dynamics of the rotation map.

Proposition 2.6. Leta € [0,1).

(1) Ifa € Q is rational, then every orbit of R,, is periodic. Ifa = % with p, q coprime,
thengq is the period of each orbit.

(2) Ifa € R\ Q is irrational, then every orbit is dense® in R /Z.
In order to prove the density of orbits, we rely on a result from number theory.

Lemma 2.7 (Dirichlet’s approximation theorem). Let o € R and N € N. Then there is a
pair of integers (p,q) € Z x N with1 < q < N such that

« .
q—p N

Proof. * This can be proved via the pigeonhole principle. Consider the N + 1 numbers ka,

k =0,...,N. They can be uniquely written as
ka=mgp+xr, mp€Z,0<x, <l.

Now the set {zo,...,znx} C [0,1) consists of N + 1 numbers, hence by the pigeonhole
principle there must be two numbers z; and x; with ¢ < j such that

|£Cj — x2| < N
But now observe that
(G = Da — (m; —mq)| = [ja —m; = (i —my)| = |z — 2i| < -
This proves the theorem with the choice ¢ = (j —¢) € Nand p = m; —m; € Z. O

Using that 1 < ¢ < N, the following corollary is an immediate consequence.

Corollary 2.8. For any real number « € R there exist infinitely many pairs of integers

(p,q) € Z x N such that
1

p

Now we are able to prove Proposition 2.6.

* Sometimes, dynamical systems with this property are
called minimal.

* There is a deep connection to continued fractions: for a
number o € R, we define

a:LaJ—&-(Tll:ao-l—a%

ar= a1+ 5 =ar+ o5

then
. 1
a=a
0 B 1
a
0 1
a1 +
L+
1
an—1+ —
Qn
and we call
1
Pn ap +
dn n 1
a
0 1
ai +
L
1
an—1+ —
an

the n-th convergent of c. Then the following results hold
true:

Pn 1
- <=
|Oé (In| ‘I%
And vice versa, if
p 1
o= ;| <2

then

P {1’1 P+l +Pn Pni2 —pn+1}
q qu7 In41 +an ’ gn+2 — dn+1



Proof. Step 1: rational angles If « = g and z¢ € R/Z is arbitrary, then
q — p _
Ri(xo) = x0+¢q- = mod Z = z.
q

Hence, v, is a periodic orbit. If p and ¢ are coprime, then g is the smallest number such
that q - 5 e Z.

Step 2: irrational angles Fix « € R\ Q and z € [0, 1). We first prove:

Claim 1: if m # n, then R (z0) # R2(x0). Indeed, assume that R (z) = R%(x¢), then

x + na mod Z = x + ma mod Z,

which implies that
(m—n)a €Z.

But since o ¢ Q, this can only be satisfied if m = n.
Claim 2: the orbit is dense®. Therefore, let ¢ > 0. By Corollary 2.8 there is a pair (p, ¢) €
Z x N with % < ¢ such that

1
lga —p| < = < e.
q
But this readily implies that
(R (@0) = @0) mod Z| = oo =pl <.
Consider, for M large enough the set of points
{0, R (0), R (x0),- .., Ry (o) }-

Then this set breaks S* into M intervals of length smaller than . Hence, for every x €
[0,1) there must exist k € {0,..., M} such that

| — R (0)| < e,

which proves the density of the orbit. O

2 Rotation number and Denjoy’s theorem

In the remaining part of this chapter we will be concerned with the question: when does
an arbitrary (orientation-preserving) homeomorphism (or diffeomorphism) behave like a

rotation? To understand which rotation to choose, we introduce the rotation number.

Definition 2.9. Let f: S — S! an orientation-preserving homeomorphism and f:R—
R alift of f and let zy € [0, 1). Then the rotation number of f is given by

p(f) = [ lim L-@0) =

|n|—o00 n

xo] mod Z. (2.1)

Theorem 2.10. Let f: S' — S* an orientation-preserving homeomorphism. Then the
rotation number p( f) exists and is independent of the choice of zo € [0, 1).

RESONANCES IN DYNAMICAL SYSTEMS 11

® One could also use Wey!’s equidistribution criterion.
This states that a sequence (Zn )nen, is equidistributed
in [0, 1] if and only if

] N1
li - 2milxy _
k=0

holds for every £ # 0.

Applying this to the sequence z,, = R2(zo) for
a € R\ Q gives equidistribution. Actually, the
dynamical system is ergodic: every measurable, invariant
set is either a Lebesgue null set or of full Lebesgue
measure.
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Proof. Step 1: The rotation number is independent of the choice of zg. Fix ¢, yo € [0, 1).
Let w.l.o.g. zo < yo. Then it holds by Remark 2.3 that

o) = f (o) < f(yo+1) = f(yo) = 1.

Now we can estimate

F™(x0) — 20 — (F"(30) — o) |77 (x0) — F™(y0)| + |0 — ol
n n
2
<Z__o.

n n—oo

IN

Hence, the limit is independent of the choice of zy.
Step 2: Existence of the limit. We will distinguish the cases: f has a periodic point and f
has no periodic point.

If f has a periodic point with period m € N, this implies that there must be an element
z € Z and x € [0,1] such that fm(a:g) = 1z + 2. Hence, it must hold

fErm(ze) = z0 4+ kz, keN.

But from this, we conclude that

|fFm(@o) —mo| k2 2

lim L7 700 =ZcqQ.

k—o0 km T km m

We need to show that the full sequence is converging. Therefore, write n = km + r, with
0 < r < m. Since f — Id is periodic and continuous, we find a number M > 0 such that

@) — 2| <M

for all z € R and we may conclude

" (20) — @ — (FF™ (o) — o) _ |7 (¥ (w0)) — F*™(20)| M

n n n n—oo

0.

If f has no periodic points, then we know that f"(x) —x ¢ Zforanyn € Zandzx € R.
Since f" — Id is periodic and continuous, this means that there is z € Z such that

< fix)—z<z+1
for all z € R. Choosing = = 0, we find that
z< fM0)<z+1

and choosing = = f™(0) und using monotonicity, we find

Fr0)+2=f"(2) < F2(0) < fM(z+1) = f"(0) + 2+ 1.

Hence,

Z < f20) — fM(0) < 2+ 1

and by induction

z< fFr0) = fEUn0) < 241



holds for all £ € N and n € Z. Summing over k, we find
kz < f¥(0) < k(2 +1)
for all k,n € N, or dividing by kn, we have

FEn(0) — 0 1
2 fM0-0 =2+
n kn n

for every k,n € N. In particular, it holds

ffro) -0 f0)-o0

kn n

< —. (2.2)

But now, we obtain by (2.2) that

ff0) =0 _ f"(0) =0 _|f*0) _ f"(0)=0|_ |f©0) =0 _ f(0)
n m - n nm mn m
1 1
<—+—.
nom
This proves that the sequence (f~ n(o)) is Cauchy and so it has a limit. O
n n

Example 2.11. For o € [0,1) itis p(R,) = o
Lemma 2.12. Let f: S' — S an orientation-preserving homeomorphism.

1) Ifh: S — S' is an orientation-preserving homeomorphism, then
p(f) =p(h~ o foh).

2) If m € N, then
p(f™) = mp(f) mod Z.

3) p(f) € Q is rational if and only if f has a periodic orbit.

Proof. 2) Note that

(f™)™(wo) — mo _ fm (o) — @0 _ mfm"(l“o) — o

n n mn

3) We have already seen that if we have a periodic orbit, then the rotation number is
rational. Now assume that the rotation number is rational with p(f) = £ € Q. We will
show that we can construct an orbit of period g.

By 2), we have

p(f?) = qp(f) mod Z = 0.

It hence suffices to show that if for a general homeomorphism we have p(f) = 0, then f
has a stationary point. We prove the contraposition: assume f does not have a stationary
point, that is f (o) # ¢ for every 2o € S*. Consider the lift with f(0) € [0,1). Then also
f(x) — 2 ¢ Zfor every x € [0,1), and by periodicity we conclude that f(z) — ¢ ¢ Z

RESONANCES IN DYNAMICAL SYSTEMS

13
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for every x € R. By continuity, the assumption that 0 < f (0) < 1 and compactness of the
interval [0, 1] this implies that there is a positive 6 > 0 such that

6§f(xo)—x0§1—(5
for every xy € R. Choosing 2o = f"(0), n € N, we obtain
5 < i (wg) — f(mo) <10,
for n € Ny. Summing over the first n, we obtain
nd < f(0) — 0 < n(l —4)

for every n € N, and hence p(f) € [§, 1 — 4]. In particular, p(f) # 0. This concludes the
proof. 0

Later, we will consider diffeomorphisms of the form f(z) = x + p + n(z), where 7 is
periodic.

Lemma 2.13. Let 7 be a continuous, periodic function. If the diffeomorphism f(z) =
x + p + n(z) satisfies p(f) = p, then there exists xg € St such that n(xq) = 0.

Proof. Observe by induction that

n—1

FM(wo) = o + np + Z no f*(xo).
k=0
Hence, if p(f) = p, we get
n—1

1 e
S e ) <.

But this must mean that 7 has a root since otherwise by continuity it would be strictly
bounded away from zero. O

Exercise. Consider the diffeomorphism

1 1
f(x) =2+ 5 + —sin(27z).
2 A4r

(a) Compute p(f).
(b) Find two periodic orbits.

(c) Find a non-periodic orbit.

2.1 Irrational rotation numbers and Denjoy’s theorem

To understand the dynamic even better, we consider the set of all limit points of an orbit,

the so-called w-limit set.



Definition 2.14. Let f: S' — S! be an orientation-preserving homeomorphism and
Zo € ST. We define the w-limit set of the orbit Yzo DY

wze) = {y€ S :3ny <na <...st f™(x0) - y}.
— 00

We can rephrase the result from Proposition Proposition 2.6.

Example 2.15. If « € [0,1) \ Q and f = R, is the rotation, then
w(zg) = S' forall zy € S*.

That all orbits have the same limit set is no coincidence as the following theorem
demonstrates.

Theorem 2.16. Let f: S' — S be an orientation-preserving homeomorphism and p(f) €
[0,1) \ Q. Then w(wg) = w(yo) for every zo,yo € S*.

Proof. Letzg € S' and x € w(xy). Let e > 0 fixed. Then there must be a pair of integers
m > n such that
|f™(xo) —z| <e and |f"(x0) —x| <e.

Consider the closed interval I = [f™(x), f*(70)] C [v — &, 2 + ¢] in S*.
Claim: for every yo € S, there exists k& € N such that f¥(yg) € I. Indeed, once we have
demonstrated this claim, the proof of the theorem follows: since € was chosen arbitrarily,
this shows that we may construct a sequence yy = f*¢(y,_;) starting from yo and such
that [y, — x| < %. From this we conclude that z € w(yo) and since the assertion is
symmetric in 2o and yo the theorem.

It remains to prove the claim. We trace back, from where we can end up in I: define
the sets Iy = I and

I = f—k(m—n) (I) _ [fkn—(k—l)m(x)?f(k—&-l)n—km(x)]’

hence the right endpoint of I}, is the left endpoint of I}, 1 and the intervals wrap around
the circle. Consider now the union of all of these intervals

This is one large, closed interval. We now want to show that there is N large enough so
that | J;_, I = S™. Suppose for the contrary, that this is not the case. Then the right
endpoint of the interval must be bounded to the left of /™ (x) and so

lim f~Fm) (z0) = p e S*

k—o0

must exist. However, this cannot be since

p= lim f*k(m*”)(:co)

k—oco

= Jim [0 ()
k—o0

= fm (lim fEO) (ag))

k—o0

— f(m—n) <p)7

RESONANCES IN DYNAMICAL SYSTEMS
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so thatp were a periodic point. But since the rotation number p was irrational, there are
no periodic points. So, we conclude

N
S =J I
k=0
for some N € N. For yg € S* fixed, there must be k € N with yo € I}, and so

FH (o) € 1.
This proves the claim and so the theorem. O

Next, we want to understand the structure of w = w(zg) for irrational rotation num-
bers p(f) ¢ Q.

Recall that a set C'is called a Cantor set if it is a compact, totally disconnected set
without isolated points.

Theorem 2.17. Given any Cantor set C C [0,1) and anyp € [0,1) \ Q, there is an

orientation-preserving homeomorphism f: S* — S such that

w(ze) =C and p(f)=p.

Remark 2.18. One can show that for any orientation-preserving homeomorphism of the
circle either w = S* or w is a Cantor set.

We now introduce an equivalence class of dynamical systems.

Definition 2.19. Let f,g: S — S be orientation-preserving diffeomorphisms. Then f
and g are called (topologically) conjugate if there is a homeomorphism h: S — S1 such
that

goh="ho f.

Note that we could have equivalently written that f = h= o g o h. If f and g are topo-
logically conjugate, then all topological dynamical properties are the same. In particular, if
w # St and p(f) ¢ Q, then f cannot be conjugate to a rotation.

What are sufficient conditions for an orientation-preserving homeomorphism with
p(f) ¢ Q to be conjugate to the rotation R,

We will cite here two theorems due to Denjoy: the first gives a positive answer under
sufficient regularity, the second a negative answer under lack of said regularity.

Theorem 2.20 (Denjoy, 1932). If f: St — S is a C%-diffeomorphism with p = p(f) ¢ Q
irrational, then f is topologically conjugate to the rotation R,. It suffices to assume that f’
has bounded variation.

Theorem 2.21 (Denjoy, 1946). Letp € [0,1) \ Q ande > 0. There exists a C*~=-
diffeomorphism f: S — St with p(f) = f which is not conjugate to a rotation.

With these results, we conclude the discussion about general diffeomorphisms on the

circle.



3 KAM theory for analytic perturbations of rotations

The previous results show that C'?-diffeormophisms on the circle with irrational rota-
tion number are topologically conjugate to an irrational rotation. But then h is merely a
homeomorphism.

Question: can we say more about the regularity of 2? For example, can we say that h

is as regular as f? This is a very difficult questions for which the methods developed by

Poincaré and Denjoy do not work. It will turn out that if we can even say something, then

we also encounter a loss of regularity.
We will consider only small analytic perturbations of the rotations, that is we will
consider analytic diffeomorphism f: S — S of the form

f(x) =z + p+n(x) mod Z,

with p ¢ Q and 7 periodic and analytic. Note that we can assume that p(f) = p: if
f(@) = x4+ a+ p(z) satisfies p(f) = p, then we can consider

f@)=a+p+(a—ptp(x) =a+p+n()
instead. We want to measure the regularity and size of 1), as we think of 7 to be small.
Definition 2.22. For fixed ¢ > 0, we define the strip
Sg={2z€C:|Imz| <o}
and we define the set of analytic functions

B, ={n € C(S,;C) : nisanalyticin S,, n(z) =n(z + 1) forall z € S,
and 9], < oo}.
Here, we define

[nlle = sup |n(z)|.
z€S,

We will assume that for some o > 0

ne€ B, and 1], <e,

where £ > 0 will be specified later®.

3.1 Heuristics and Diophantine numbers

We start by discussing a heuristical approach. The results of this will be used later to set
up an iterative scheme.
Recall that we consider the diffeomorphism

f(@) =2+ p+n(z).
We look for an analytic function h: S — S* such that

foh=hoR,.

RESONANCES IN DYNAMICAL SYSTEMS 17

~

Fig. 2.1: The strip S,

® We will see that the change of coordinates h will only
be analytic in B,,_s for some § > 0.
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Making the ansatz that
h(x) = 2+ H(x),

where H is an analytic and periodic function, we find that
flx+H@)=xz+H@)+p+nlx+H()=xz+p+H(x+p) =hoR,(x).
Rearranging this, we obtain
H(z+p) — H(z) =n(z + H(z)) = n(z) + n'(x)H(z) + hot. =~ n(z).
Consequently, as an approximation, we first consider the equation

H(z+p) — H(z) = n(z). (23)

Then, since H and 7 are both periodic, we can apply the Fourier transform’ on both sides 74 / ! n(z)e 2T 4
0

to obtain
2", — H, =1, né€Z.

Since p ¢ Q, it is €>™™” — 1 # 0 for every n # 0, hence we obtain

H(z) = Z ﬁine%i”. (2.9)

627rinp —1
n#0

Two problems ensue from this definition:

1) Equation (2.3) does not hold since

H(w+p) = H@) = 3 e = n(z) — o = nlz) — / o) dy.  (@5)
n#0 0

We can deal with this problem later in the proof.

2) Does the series in (2.4) even have a chance to converge? The problem is that e?7"* —
1 might be very small very often.

The second problem is called the problem of small denominators. This will appear again
when we study the n-body problem of celestial mechanics. For a given rotation number
p ¢ Q, we don’t know how well-behaved these denominators are. But, we can resort to
number theory again.

Last time, we have seen that any p € R could be approximated by rational numbers

such that 1

72 .
q
It turns out that some numbers can be approximate better than others. This leads us to the

lp—§\<

Diophantine classes of numbers.

Definition 2.23. The irrational number p is of Diophantine type (K, v) with K,v > 0 if
p _
lp =7 > KlaI™

holds true for all (p,q) € Z x N.



We can w.Lo.g. assume that ' < 1. In particular, there is no number of Diophantine
type (1, 2), but generically that is the best we can do approximating a number as the
following proposition demonstrates.

Proposition 2.24. For every v > 2, almost every irrational number p is of type (K, v) for
some K > 0.

Proof. Let v > 2.1t is enough to show that every irrational number p € [0, 1] is of the
type (K, v) for some K > 0.
First fix K > 0 and % € Q. Then define

b —v
Ixpq={p€0,1\Q:[p— 5! < Klg|™"}-

We will show that

ﬂ U U Ii .l =0. (2.6)

neN geN p=1

First note that I , , is essentially an interval up to a set of measure zero, hence we obtain
[k pql < 2K][q™".

But this implies, taking the union over all possible p = 1,. .., ¢ that still for fixed ¢

q
U I p.q

p=1

< 2K|q| 7"

Now, taking the union over all possible ¢, we find

q
U U Ikpe| <2K> ¢ <2eK

geNp=1 qeN

for some ¢ > 0 since —v + 1 < 1 and hence we obtain convergence of the series. But this
readily implies (2.6). O

We can now use the Diophantine type of a number to get explicit control of the small

denominator.

Lemma 2.25. Ifp € [0,1) \ Q is of Diophantine type (K, v), then
€270 1] > A |~

foralln # 0.

Proof. Let m € N. Then using e?™™ = 1, we obtain

|627rinp _ 1| — ‘627ri7n(e27ri(np—m) _ 1)|
_ ‘627ri(npfm) . 1|

= 2[sin(r(pn — m))|
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where we used in the last step that |e®® — 1| = 2sin(z/2). Using the inequality

1
[sin(r)] > 2fel, |l < 3,

we conclude that
€27 — 1| > dlpn — m| > 4K |n| V.

This concludes the proof. O

Using Cauchy’s theorem, we get exponential decay for the Fourier coefficients of an

analytic function.
Lemma 2.26. Letn € B,. Then
|| < lInlloe=2m". (2.7)

Proof. Recall that

1
ﬁn:/ n(x)e 2™ dg. AL
0

i
Denote by C' the contour in C given by concatenating the path [0, 1], [1,1 £ ic], [1 +
io, +io] and [+io, 0]. By Cauchy’s integral theorem, it holds

I

/ n(z)e” 2" dz = 0.
c

Fig. 2.2: The contour C'

Combining this with periodicity, we find that

1
/ n(z)e—%rinz dz = / n(z)e—%rinz dz = / n(x + 7;0‘)62“”%6?2#’”0 de.
[0,1] [tio,1tio] 0

Choosing either the pass on the upper or lower halfplane, depending on the sign of n, we
obtain

[l < lnllo*1™1

which concludes the proof. O

Remark 2.27. Also the inverse statement is true. Assume that (2.7) holds true, then the

function

77('7;) — Z ﬁn€2ﬂ'inz

neZ

is analytic in the strip S, and

1llo—s <

=l Q)

We may apply these results to the function

ﬁ .
H(w) =3 on—e™"
n#0

and obtain the following bound.

Y

~
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Proposition 2.28. If p is of type (K,v) andn € B, and § < o, then H € B,_s with

I'(v)
1Hllo—s < 27555 Il (2.8)

where I" denotes the standard I'-function
1
I'v) = / ' te ™" du.
0

Proof. 1t suffices to prove absolute convergence of the series locally uniformly in .S, _s,
then analyticity follows. Indeed, using Lemmas 2.25 and 2.26, we obtain for z € S,_;

|70 2
| < Z ‘627”"/7 | 7"7'”Z|
n#0
‘n|1/7 —27o |n| 27|n|(c—4§)
< Z Inlloe e
n#0
< HUHU Z| V= 1,—2m6|n|
n#0
nllo <
_ % nv—le—QmSn
n=1
L)

< .
< %@ e

Here, in the last step, we use
oo o0
Z nu—le—Qﬂ'én < / yu—le—Qﬂ'éy dy
n=1 0

1 > -1 _—x
= — v d
(27“5)” /0 x e x
1

= WF(V%

which completes the estimate. O

Next, we need to make sure that we have actually constructed an analytic diffeomor-
phism.

Proposition 2.29. Assume that 26 < o and

CmTe)
K(2rg)v+1 e

The map h(z) = z + H(z) is analytic with analytic inverse on the domain Sy _os. Further-
more, h=! is well-defined on S, _35.

To prove the proposition, we rely on another lemma from complex analysis.

Lemma 2.30. Letn € B,. Then for every 0 < § < o it holds

2T
1 llo—5 < ==[Inllo-
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Proof. From Cauchy’s integral formula, we know that for every z € S,_s and every ball
B, (z) C Sy, we may write

, n(w)
n'(z) = / ——— dw.
dB,.(2) (w—2)?
Hence, we obtain the estimate

dw 2
()] < — = —nllo.
<l [ 5= E,

r(z

Sending 7 to § proves the claim. 0

Proof of Proposition 2.29. Analyticity of H and thus of h on S, _s follows by construction.
We only need to make sure that h is invertible. Recall that it is enough to find a domain so
that ||[H'|| < 1 holds true as this guarantees injectivity.

Now Lemma 2.30 and Proposition 2.28 imply that

(2m)°T'(v)

WHWHU <1 (2.9)

2
1B 25 < 2T\ Elo—s <

Hence, h restricted to S,_2s is a diffeomorphism onto its image.

For the second part of the claim, we realise that by Proposition 2.28 and the assumption

I'(v)
H < —-— . .
|| ||(,- 5 < (2r0)" ||77||(r < (2.10)

O

To summarise: we have found an analytic change of coordinates h(z) = = + H(x).
Two problems remain though:

1) h is not the correct change of variables, as we have ignored higher order terms.
Intuitively though, h is a step into the right direction and we may try to iterate the

procedure.

2) If we constantly lose a fixed § in analyticity during the iteration, we cannot have
hope of constructing an analytic diffeomorphism. We need to choose a clever iteration

scheme.

3.2 Main theorem and Newton’s method

Before it is time to discuss how we can iterate the procedure introduced above, it is time
to state the main theorem.

Theorem 2.31 (Arnold 1961). Assume that p is of Diophantine type (K, v) and o > 0. Then
there existse = e(K,v,0) > 0 such that if

flx)=z+p+n(z)

has rotation number p andn € B, satisfies ||n||, < &, then there exists an analytic and
invertible change of variables h which conjugates f to the rotation R ,:

R,=h"tofoh.



Recall that so far we have heuristically taken the following approach: we want to find
h = 1d +H such that
HoR,—R,=noh=n,

that is, we have linearised the equation to find a solution. Compare this to Newton’s
method:
Consider amap F' € C?%(R) and we look for a root Z of F. To do so, consider some

point 2 and define the linearisation around zy by
Lazo (.’E) = F(LC()) + F/(IE())(.’E — QC()).

We can find a root of L, (provided F’(zg) # 0), that is

xr1 = X9 — F(wo)
1 0 Fzo)
Now, we want to iterate this and set
o F(xn)
Tn+1 = Tp — F’(I )
n

For this to work, we require that F/ # 0 in a neighborhood of the root Z. We can show
very fast convergence: applying Taylor’s theorem, we get

Ly(@) ~ F(@) = 5F"(©)( ~ )’

for some ¢ € [Z,y]. Now set &, = |T — x,,|. From the formula, we conclude that there is
fn € [CE, fEn] such that

1
F(z,) — (2 - xn)F/(xn) = §F”(§n)(xn - f)2~
Dividing by F’(z,,) and using the definition of x,, 1, this leads to

__ (&) 2
Tptl — T = m(ﬂjn — .’17)
If | F’| is bounded from below in a neighborhood of Z and since F" is bounded from
above, there is a constant C' > 0 such that

En+1 < Ce2

and hence by iteration
|z, — 7| < Ced™

superexponential convergence of x,, to Z.

Now, with Newton’s method in mind, we will prove Theorem 2.31 by an iterative
argument relying on the heuristics studied in the previous subsection. In order to achieve
this, we need to understand f; = h™! o f o h, where h(z) = x + H(z) is the analytic
change of variables constructed before. This is part of the following two propositions.

They make rigorous our intuitive guess that f1 = R, + 7}, where ||| < [|7]|2.
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Fig.

T4 Tn xr

2.3: Tteration step for Newton’s method
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Proposition 2.32. Assume that 46 < o and

CmTe)
K (2ro)y+i Ml

Then it holds h™'(z) = z — H(2) + g(z), where

L

Proof. Define g by
g(z) = h 1 (2) — 2+ H(z).

Then using that =1 = 2z — H(z) + g(z), we obtain for every 2z € S,_as
z=htoh(z)=h" 2+ H(2) =2+ H(z)— H(z+ H(2) +g(z + H(2)). (2.11)

Solving for g, we find
g(z+H(z))=H(z+ H(2)) — H(2) = /0 H'(z + sH(z))H(z) ds.

So, we may define g for each £ = h(z) by

9(€) = H(h1(€) / H'(h=4(€) + sH(h™1(€))) ds.)

As in the proof of Proposition 2.29, we may argue using ||h||,_s < 0 that since the image
of S,_35 under h must contain S, _45, we have for £ € S, 45 that h=1(£) € S, _35 and
furthermore h=1(¢) + sH(h™1(£)) € S,_as so that we may apply the estimates from
equations (2.8) and (2.9) to obtain

o) e AL L

Igllo—a5 < [1H lo—sl H'llo—25 <
This proves the claim. O

Finally, we need to understand how large is the error that we make by linearisation.
Therefore, define f; = h~™to foh. Intuitively, f; is closer to a rotation and we expect from
Newton’s method that the error is also quadratic in terms of ||||%. This is demonstrated in
the following proposition.

Proposition 2.33. Assume that 46 < o and

(2m)*T (v)

K(27T6)V+1 ||7]||<7 <1

Then fi(z) = h~ Yo foh(x) =z + p+ni(x), where

(47m)°T'(v)?

2
< Fegrgyorm -

lmllo-65



Proof. Using the previous results, we can spell out f; explicitly:

file)=h"to foh(z)

=h"Yz+H(z)+ p+nlz+ H(z)))

=x+H@)+p+nz+H(x)— H@+ H(z)+ p+nlx + H(z)))
+9(z+ H(z) +p+n(z+ H(zx))) (2.12)

=z +p+[H(x) - H(z+ p) +n(x)] + [n(z + H(z)) — n(z)]
+[H(z+p)—H(x+p+ H(z) +n(z+ H(z))]
+9(z+ H(z) + p+n(z + H(x))).

Now define
m(z) = fi(z) —z —p.

We want to obtain an estimate for 1);. The reason for splitting the term in this particular
fashion becomes clear immediately: the first bracket was the linearised equation for H,
see (2.5), so we find

H(x) — H(z + p) +n(z) = 1o

The second bracket we may rewrite as

1
0+ H(z)) - n(x) = / i (@ + sH(x)) H(z) ds

and as before we obtain a bound for this term using the assumptions

(e + ) = nls, o < Vool o =20 < o0zl g il (219

The same applies to the third bracket:
Hiz+p+H(z)+n(z+ H(z)) — H(z+p)
= /01 H'(z4+p+s(H(z) +n(z+ H(2)))(H(z) + n(z + H(z))) ds.
We can bound the norm of this term for z € S,_4s using the assumed bounds:
[H(z+p+ H(z) +n(z + H(2)) = H(z + p)llo—1s < (1 Hllo—s + [1llo) 1 H'] o—25-

We obtain the explicit bound

(13 + o V25 < (adslle + Dol ) e
g

L(v)?

y ) (2.14)
Raamgyr Il

<

For the last term, notice that if z € S, _gs, then z + H(2) + p+n(z + H(z)) € So_45 and
we may apply Proposition 2.32 to obtain

lo(z + H(:) + p+ (= + H)lo—ss <~ L

< W” 1l (2.15)
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We are left with finding a corresponding bound for 7jg. Since f; and f are conjugate, the
rotation numbers must be equal p(f1) = p(f) = p. We may apply Lemma 2.13 to f; and
find that there must be = € [0, 1) such that 1, (z¢) = 0 and hence f1(zo) = x¢ + p. Using

this expression in (2.12), we obtain
flo = —[n(z + H(x)) — n(x)]
—[H(x+p)—H(x+p+ H(z) +n(z + H(x))]
—g(r+ H(z) + p+n(z+ H(x))).

We have already bounded each of the objects on the right-hand side in (2.13), (2.14) and
(2.15) so that we obtain

@r)C) \ o (4T (v)? > (2m)*T'(v)* 2
2.1
‘770| (2 5),/+1 || || K2(2 6)2y+1 || || K2(2 (S) (2v+1) || H ( 6)
Combining the four estimates (2.13), (2.14), (2.15) and (2.16), the theorem follows. O

Before we come to the technical details of the iteration scheme, this is a good time to

summarise our approach.

1. Linearisation. We want to solve h o i, = f o h, that is
HoR,—H=mnoh,

where we write h = Id +H. Then we linearise this equation and obtain the approximate
equation
HoR,—-H=n.

2. Solving the linear equation. We solved the linear equation for analytic right-hand
side 77 and obtained corresponding bounds for H in a smaller strip in Proposition 2.28. In
Proposition 2.29 we showed that we obtained a diffeomorphism.
3. Error term in linearised solution. Defining f; = h™! o f o h, we miss R, by an
error which is of the order ||7]|2. In the process, we lose regularity.
4. Fast convergence due to Newton scheme. If we define inductively f,,,1 = h,! o
fn © hy, then the fast convergence of the Newton scheme will allow us to show that the
maps

hoohyio---0hy,

actually converge to an analytic diffeomorphism of the circle conjugating f to the rotation

R,.

Now we are in the position to iterate this scheme. We define
fo(x) = f(x) = Ry(x) +n(x), no(x) =n(z). (2.17)
We define ho(z) = h(z) = = + H(z) and
fi(x) =hgto fooho=R,+n.
Then we inductively define

fn+1 = hﬁl Ofn ohy = Rp + Mn+1,
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where h,, = Id +H,, are constructed as before, i.e. they solve

Hy(z + p) — Hy(2) = 10 (x) — 1(0).

Define for 0p = ¢ and €9 = ||7||» the inductive constants:
by = s,
36(1 + n?)
Ont1 = 0n — 66n7

if n > 0. We also define

. o
"= lim o, > = > 0.
n—00 2

We need to make sure that these constants are chosen so that our inductive scheme
works correctly before we may prove the main theorem.

Lemma 2.34. If

K O \v+1 8
[7lle = €0 < (WW(%) ) )

then fn+1(‘r) =T+p+ 7]n+1(x) with Nnt1 € Ban+1 and

[Mn+1llon s < €nvta
Furthermore, h,, = 1d +H,, satisfies

I'(v)e,

Hn On— < T < N\
a5, < oo 57
and h;l =1x — hy + gn, where

(2m)°T(v)%e;,
||gTLHO'n—45n — 2 204+1) "
K2(276, )@+

Proof. Forn = 0, the estimates for H,, and ¢,, were demonstrated in Propositions 2.28

and 2.32. Proposition 2.33 gives the estimate

(4m)°T (v)? 2 _ 3/2 K O\l (47)%T(v)?
WD G S _ A S/t
”771”0765 > K2(27T5)(2”+1) ||77||g < € 1671'F(l/) (36) K2(27r5)(2u+1)
< 63/2.

Now suppose the induction holds up to step n — 1 so that we know that ||, ||,, < en.
Then Propositions 2.28 and 2.32 give the corresponding bounds for H,, and g, respec-
tively. Again by Proposition 2.33, we find

(4m)’T(v)*> 5 _ 372
M+ 1oy < K2(2m5,,) @40 o <éni1

as before. O

Now we can finally prove Arnold’s theorem.
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Proof of Theorem 2.31. Define the change of coordinates via ¢y = hy and
wn :hnownfl :hno"’ohloh0~
Then it is

Un(2) = &+ Hp(2) + hn—1(x + Ho(2)) + hn—2(z + Ho (@) + hp1 (2 + Hy(2)))
—|—---—|—h0(z+H1(x—|—---)+~--).

From Lemma 2.34, we know that 1),, is analytic on S, _25, and also

= F(I/)&k
n —1d |5, —25, < ———— = A .
[n —1dls, 25, ij Kns,)y — <™

We need to show that ,, converges to an analytic limit. For this, note that
Un1(2) = ¥Yn(2) = ¥n © hng1(2) = Pn(2) = Pulz + Hnp1(2)) — ¥u(2)
1
= [ e s () Ha () s
0

We may use that ¢, — Id is bounded, to obtain the bound ||¢/, |5, —4s, < ||(¢¥n —
1d)||5, a5, +1 < QgA + 1 and hence

2rA I'(v)ent+1
n - nl|lo < Hn o ! o < ]. .
Hw +1 1][} || gl — H +1H n+1||wn|| ndl — ( 6n + )K(27T(Sn+1)y
The series
= 21A I'(v)ent1
1 2.18
> (G VK ams (2.18)

n=0
converges since £, is converging exponentially fast. Hence, the sequence (¢,,),, is Cauchy
in B,~ and converges there uniformly to a limit 2 € B,8. We may write

h(z)=z+ H(z)

and find that

A
or—sr < 5 <" (2.19)

provided §* < min{%, 1}. But this implies, since 6* < 1 that h is invertible on the image

1H’|

of Sy« _s+ and that this image contains S, _s+. We conclude the proof by noticing that
by induction and using fy = f together with f,, © hy41 = hpt1 © fnt1 it holds

f © wn = wn © fn
We may use this to obtain

foh(z) = lim fotn(z)= lim wnofn(z> :T}Lnolown(z‘*‘/"f'??n(z)) = hORp(Z)

n—oo n—oo

due to the uniform convergence of ¢, — h and 7, to zero. This proves that we have

indeed constructed an analytic diffeomorphism h that conjugates f to the rotation 12,.

O

8 Note that uniform limits of analytic functions are
analytic.



The restriction of the theorem to consider only diffeomorphism f(z) = « + p + n(z)
with rotation number equal to p seems, at first glance, to be a restriction. But this is not
the case. In fact, consider a diffeomorphism

f(@) = o+ a+ pl)
for p analytic with p(f) = p. Then, we can rearrange

f@)=z+p+ (a—p+ p(x)) (2.20)

and apply Theorem 2.31 to the function 1(x) = a — p + p(z)°. This leads to the collowing
corollary.

Corollary 2.35. Assume that p is of Diophantine type (K,v) and o > 0. Then there exists
e =¢(K,v,0) > 0 such that if

f(@) =2+ a+ plx)

has rotation number p and |1 € B, satisfies ||o — p + p||, < €, then f is conjugated to the

rotation R,, by an analytic change of coordinates.

In practice, the computation of the rotation number is tedious and difficult work. We
may overcome this problem by introducing another parameter into the system. For n; €
B, for some 0 >= 0, ¢ € R small and a € [0, 1), define

fae(z) =2+ a+en(z).

While, we do not know the rotation number, Arnold proved that a slightly changed
diffeomorphism is still analytically conjugate to the rotation, cf. [Arn09, Theorem 2].

Theorem 2.36. Assume that « is of Diophantine type (K,v) and o > 0. Assume that
1 € B, and let

fae(z) =2+ a+en(z).
Then there exists eg = £o(K,v,0) > 0 and an analytic function A(e) such that
foeae (@) =z +a+ Ale) +en(z).

is analytically conjugate to the rotation R, for every || < €¢. The change of coordinates also
depends analytically on €.

Combing Theorem 2.36 with basic measure-theoretical considerations, we obtain the
following result, cf. [Arn09, Theorem 8].

Theorem 2.37. Letn € B, and for a € [0,1] and € define
faene (@) =x+a+Ale) +enlx).

Then for every 6 > 0 there existseg > 0 such that if |e| < eq, there is a set A(e) C [0, 1]
such that
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? Observe that we made explicit use of this specific form
in the proof of Proposition 2.33, when estimating |7jo|.
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1) for every o € A(e) the diffeomorphism f, . is analytically conjugated to a rotation,
2) |A(g)] >1-4.

Finally, we remark on a counterexample due to Yoccoz, cf. [Wal95]. This shows that
there are irrational rotation numbers for which we can find analytic diffeomorphisms of
the circle that are not analytically conjugated to the rotation.

Theorem 2.38. Leta > 3. There exists an irrational number « € R\ Q such that the
analytic diﬂeomorphismlo 10 f is called the Blaschke product.

where X € [0, 1) is the unique number such that p(fq ) = o, is not analytically conjugate to
the rotation R,,.

This concludes the discussion of the KAM theory for analytic diffeomorphisms of
the circle. We will use the local methods introduced here to discuss nearly-integrable

Hamiltonian systems in Chapter 3.



3

KAM THEORY FOR NEARLY-INTEGRABLE HAMILTONIAN SYSTEMS

After having discussed the very specific case of diffeomorphisms on the circle and under-
stood the local (analytic) picture of small perturbations of rotations, we turn to nearly-
integrable Hamiltonian systems. We will see that for a class of so-called integrable Hamil-
tonian system, the motion of the particles is quasi-periodic on invariant tori. A nearly-
integrable system is then a small-perturbation of an integrable system and similarly to the
situation of the circle diffeomorphism, we may ask the question whether the perturbation
changes the dynamics.

Before we can move to the KAM story for Hamiltonians, we begin by giving an intro-
duction into Hamiltonian mechanics. Furthermore, we need to discuss the consequences
of integrabilty and prove the Arnold-Liouville theorem transforming an integrable Hamil-
tonian system into a new set of variables, so-called action-angle variables, for which the

dynamics is trivial.

1 Hamiltonian systems

1.1 Derivation, definition and first properties

Consider a a particle moving on a curve q: [0,%y] — R? and define the state space X =
R3. The motion of the particle is described by Newton’s second law

F =ma,

where I denotes a force vector field F': X — X, m denotes the mass of the particle and
a= %q =: § denotes the acceleration. Assuming that forces are conservative!, we may
write F'(q) = —VV(q) for a potential V. Defining the kinetic energy? by

. m, .
the Lagrangian is defined by
L(g,d) = K(@) = V(g) = FdllI* = V(a). (3.1)

Hamiltonian’s principle of least action now states that an system will always choose

the path between two points that minimises the action integral

ta
5= / £(q,9) dt.

t1

! That means the total work in moving the particle
between two points is independent of the path.

2 Note that % = m{q,q) = (4, F) has a natural
interpretation as the rate of work equation.
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The Euler-Lagrange equations of S that hold when 4.5 = 0 are given by

doc _oc
dt 0§ 0q

and they are equivalent to Newton’s second law.

We also verify that along solutions to the Euler-Lagrange equation, the energy is con-

served, that is dE /dt = 0, where

m. .
E = 5Iq\2 + V(q).

This is known as the Lagrangian approach to mechanics. It has the advantage to be
based on variation principles, but it requires to have a fixed starting and end point.

Note that we again only consider autonomous systems. In general, £ can depend on
time, but we will restrict the discussion on time-independent force fields.

To obtain Hamiltonian mechanics, we make the change of variables

oL .
= — =M
b g q
and rewrite F as a function of (g, p) via
_ P
H(q,p) = =~ + V().
Then Newton’s second law is equivalent to
. OH . OH
q= ap b= 9q

which is a first-order system on the phase space R? x R33.

Definition 3.1. Given a function H = H(q,p) € C*(RY x R?), we associate to H the

Hamiltonian system

. _O0H . 0H

q= (‘37p7 p= _87(1'
The space R? x R is called the phase space.

Observe that we can rewrite the Hamiltonian system (3.2) by introducing the (symplec-

tic) matrix
0 1
J= dxd 7
—Lgxa O
so that (3.2) becomes

dt \p

So, we can think of Hamiltonian system also to be the flow with respect to the vector field
Xy on the space R? x R?. We shall explore this symplectic structure more after we have
discussed a few simple properties of Hamiltonian systems. Notice that we will restrict

the discussion to Hamiltonian system on linear symplectic spaces (such as R? x R? with
the symplectic matric J, or as we will also shortly see, function spaces). In general, one

can study Hamiltonian systems on manifolds that carry a simplectic structure, that is

manifolds that look locally like a symplectic linear space.

We start by showing that H is a constant of motion.

* Note that for time-dependent Lagrangians, we get the
additional condition

—H=—-—L.
ot ot



Proposition 3.2. Given a solution (q,p) to the Hamiltonian system (3.2), it holds
d

—H =0.

1 (ap)

Proof. 1t holds

oH oH
ZH(qgt),p(t)) = =—(q,p) - 4+ — - p
(q(t),p(t)) 6)q(qp)q o P
= —p-q+q-p=0.
O

Constants of motion do play an important role in studying Hamiltonian systems. Con-
sider the following example.

Example 3.3. Consider a one-dimensional pendulum of length ¢. Then ¢: [0,%] — R
denotes the displacement of the angle from equilibrium position . Easy trigonometry tells

us that the forces acting on the pendulum are given by
F(0) = —mgsin(q).

Since the acceleration depends on the length, we have a = £¢, so that we obtain the
equation of motion from Newton’s second law

mg = —79 sin(q).

We easily verify that this is a Hamiltonian system given the Hamiltonian

H(q,p) = ﬁlpl2 — m cos(q).
Proposition 3.2 tells us that solutions lie on level sets of the Hamiltonian. The level sets of
a Hamiltonian are usually represented in a phase portrait.

We observe that for small energies, the trajectories in phase space are closed curves:
we obtain periodic motion and the pendulum just swings back and forth. Reaching a
certain critical energy, we see a change in the dynamics. The trajectory signifying this
change is called separatrix. For higher energies, we see rotations in the phase portrait and
the pendulum swings round and round.

Observe that for two-dimensional phase spaces (that is a system with one-dimensional
Lagrangian state space), this immediately implies that all Hamiltonian systems are in-
tegrable. The level sets of the Hamiltonian give us exactly the manifolds on which the
motion lies. For higher-dimensional Hamiltonians we need more integrals of motion to

obtain complete integrability, as we will discuss in Section 2.

Exercise. Draw the phase portrait for the simple harmonic oscillator discussed in Exam-
ple 1.2.

We now turn to the symplectic structure of Hamiltonian systems. Recall that we de-

0 1
J: dxd )
—14xa O

fined the matrix

RESONANCES IN DYNAMICAL SYSTEMS

Fig. 3.1: One-dimensional pendulum.
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Fig. 3.2: Phase portrait of the Hamiltonian
H(q,p) = 5 |p[* = % cos(q).
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This matrix gives rise to an anti-symmetric, bilinear form on R?? = R? x R? that we
will call

w(ér, &) =&l =& - & -¢&- &6, &=(§.&) i=12
Definition 3.4. A linear map A: R?? — R2? is called symplectic if
ATJA =], (3.3)

or, equivalently, if w(A&;, Afs) = w(&1, &) holds for every &1, & € R4

Note that since det(J) = 1, symplectic maps preserve the area:

1 =det(J) = det(ATJA) = det(A)%

A general nonlinear map is called symplectic if it looks locally like a symplectic linear

map.

Definition 3.5. Let U C R?? be an open setand g: U — R2? be C''. Then we call g
symplectic if its Jacobian Dg(q, p) is symplectic for every (¢, p) € U, i.e. if

Dyg(q,p)"IDg(q,p) =J, (g,p) €U. (3.4)

Liouville observed that will regions in the phase space change their shape under the
flow of a Hamiltonian system, their volume is conserved. We give a proof using that flows

of Hamiltonian systems are symplectic.

Definition 3.6. The phase flow of a Hamiltonian system H on R¢ x R is defined by
Py RT x RY = R x R : (g0, po) — (q(t),p(t)),

where (g, p) is the solution to the Hamiltonian system given the Hamiltonian H.

Exercise. Verify that (®;):cr is a group.

Since we are talking about the flow, it is a good approach to figure out which vector
fields generate Hamiltonian system. Note that given a Hamiltonian H, we associated the
vector field

Xy =JVH.

Then the Hamiltonian system with Hamiltonian H is the same as the flow w.r.t. the vector
field

This explains the following definition.

Definition 3.7. A vector field X : R2¢ — R2d s called Hamiltonian if there is a C1-
Hamiltonian map H : R?*? — R such that

X(p,q) =J VH.

We can now give a characterisation of Hamiltonian vector fields.



Proposition 3.8. Let X : R?? — R?? be a vector field. Then X is a Hamiltonian vector field
ifand only if DX (q, p) is w-skew for all (¢,p) € R??, that is

w(DX(Q7p)§1a§2) = _w(gla DX(Qap)§2)7 fOV all£17§2 € RQd- (35)

Proof. Assume X is a Hamiltonian vector field, that is X = JV H. By definition of w, it
must hold

w(X(q,p), &) = (VH(q,p))"I" I = —dH(q, p)&2
Differentiating this relation in direction &;, one obtains

w(DX(g,p)&1,&) = —D*H(q,p)(&1, &) = w(DX(q,p)é2,&1)

by symmetry of D?H (q, p). Hence, DX (g, p) must be w-skew.
Vice versa, assume that DX (g, p) is w-skew, then define

H(g.p) = / w(X (t(q,p)), (¢, p)) d + const.

Then
dH(q,p) ~€=/O w(DX (t(q,p))t&, (g,p)) +w(X(t(p,q)), &) dt
1
- / 1o(DX (t(0.1)) (0. ). €) + (X (t(p. ). €)
—o ([ glext@mane)
= (X(q,p),i)
for all &. Hence VH = J 1 X. O

Theorem 3.9. Let H be a twice continuously differentiable Hamiltonian on R?>?. Then, for
each fixed t, ®; is a symplectic map.

Proof. ®; is also the flow of the vector field X, that is

Lu(0.) = Xn(®i(a.p))

In particular, it holds

d

G ID®0.0)6] = D | S8u0.0)| € = DXir(®ula ) DOl

Hence, we obtain
d
—w(D®(q, p)§1, DPi(q,p)€2) = w(DXn(q,p)[DP:(q,p)é1], E2)

dt
+w(&1, DX u(q, p)[D®4(q,p)&2])
—0

since X is w-skew by Proposition 3.8. But this implies that
w(D®:(g,p)&1, D4(g; p)€2) = w(DPo(q,p)1, DPo(q,p)S2) = w(&1, €2)
for all &, & € R?? and (¢, p) € R4 O

RESONANCES IN DYNAMICAL SYSTEMS
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Corollary 3.10. LetU C R? x R? be an open set in the phase space and H a twice
continuously differentiable Hamiltonian. Then

[@:(U)| = [U].
Proof. This follows directly from the observation that since ®, is symplectic, it holds

|det D®;(q,p)| =1, (¢,p) € R*.

The converse to Theorem 3.9 is also true.

Theorem 3.11. Let X : U — R be continuously differentiable vector field and consider the
autonomous ordinary differential equation

y=X(y)

and its flow ®;. Then the system y = X (y) is locally Hamiltonian, that is for each point

in space-time (to, qo, po), there is a neighborhood (to, qo,po) € V in space-time and a
Hamiltonian H such that the flow agrees with the flow of the Hamiltonian system given H if
and only if ®, is symplectic for all sufficiently small t.

Now that we have seen some first important properties of Hamiltonian systems, we
turn to study examples and generalise the notions we have introduced. We start with a
guiding example for the next part of the course, the n-body problem.

Example 3.12 (The n-body problem). Consider n particles moving in an inertial system
with positions ¢;: R — R3,i = 1,...,n and masses m;, and assume that the only force
acting on the motion is mutual gravitational attraction. Newton’s law of gravity says that
the magnitude of force on the i-th particle coming from particle j is proportional to the
product of their masses and inversely proportional to the square of their distance.

That is, by Newton’s second law we obtain the system of ODEs given by

gmim;(q; — q;) _ ou
\%‘ - Qj|3 3%"

m;G; = (3.6)
i

where the potential U is given by

gm;mg;
U(Ql;---,Qn)Z Z ﬁ
1<i<j<n 9 —dj

Then (3.6) is a Hamiltonian system on the phase space R3" x R3" given the Hamiltonian

|P7: |2

-U ey Qn)-
2mi (Q17 7qL)

n
H(Q17"'7qnap1a"'7pn) = Z
=1

This problem consists of 6n equations and even for n = 3 solving these would require a
large number of integrals. As we will discuss later, we expect resonating solutions for the

three-body problem.



The situation for n = 2 is much better, though.

Example 3.13 (The 2-body problem). Consider the following change of coordinates*

q=p1q1 + p2q2, p=p1+p2, U=g2—q1, VU= —Vp1+Vip2.

Here,

my ma mims
V] = , v=my+me, M=

— 1/2 = —-——— .
b
my + mo mi1 + ma mi + myg

There is a natural interpretation for this change of coordinates: g is the center of mass, p
is the total momentum, u is the relative position. In the new coordinates, the Hamiltonian

takes the form

H(@“a}%”) = T—’_i_

We can now determine the new equations of motions and obtain

. OH p . OH
q_aip_;’ p——afq—oa
. _OH v _ OH  mimau
=T YT e T T P

This proves that the combined linear momentum p is an integral® of the dynamical system
and hence constant and the center of mass § moves on a straight line given the total

momentum p. Hence, the system reduces to an equation for (u, v) of the form

. gvu
U= —=.
|ul?

This is a central-force problem, also known as the Kepler problem.

Exercise. Solve the Kepler problem.

1.2 Poisson brackets

Consider a function f: R? x R? — R defined on the phase space. Then, if (¢, p) is the
flow of a Hamiltonian system with Hamiltonian H, it holds

G050 = S a01.00) 400 + ZL (a0, p(0) 500
o5 o of on

= 9 (q(t), p(t)) ap (Q(t)vp(t))*%(Q(t)vp(t)) (q(t), p(t)).

94
This motivates the following definition.

Definition 3.14 (Poisson bracket). Let f,g: R? x R? — R be differentiable functions.

Then we define the Poisson bracket via

d
_ 9f 99 9f 99\ _ o,
o) = ; (3% Op;  Op; 3%’) =Vi-Ivy.

The following properties follow immediately from the definition.

RESONANCES IN DYNAMICAL SYSTEMS

* We will discuss the general theory on changes of
coordinates that keep the Hamiltonian structure of the
system later.

® Such a coordinate is also called cyclic.
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Lemma 3.15. Let f,g,h: R? x RY — R be differentiable functions

1) Bilinearity:
{arf + asg, h} = ar{f, h} + a2{g, h}

and likewise for the second component;

2) Anti-commutativity:
{f7g} = _{gvf}
In particular, { f, f} = 0;

3) Jacobi identity:
{£:Agn}} +A{g.A{h. f}} +{n.{f. g}} = 0.
4) Product identity:
{fg,h} = flg.h} +g{f. h}.

Example 3.16. The canonical coordinates ¢ = (q1,...,94), p = (p1,.-.,pa) satisfy the

following relations for their Poisson brackets®
{Q’ia QJ} = 07
{pi7 pj} = 07
{gi:pj} = dij.
Example 3.17. We can rewrite the Hamiltonian equations as
q=A{q, H},
p={p,H}.
Corollary 3.18. Let f: R? x R? — R and (q,p) = (q(t),p(t)) the flow of a Hamiltonian

system with Hamiltonian H, then

d
s/ @p) ={f H}(a,p).
In particular, f is a constant of motion if and only if
{f,H} =0.

Lemma 3.19. Let f,g: R? x R? — R and (q(t), p(t)) the flow of a Hamiltonian system
with Hamiltonian H, then

Gt atan) ={ e atan |+ { s, Goan}.

In particular, the Poisson bracket of two constants of motion is again a constant of motion.
Exercise. Let d = 3 and define L = ¢ X p the usual cross product. Compute
{LzaLj}7 ’Luj: 17253

Conclude that if two components of the angular momentum are constants of motion, then
so must be the third.

¢ Notice the similarity to quantum mechanics for the
commutation relations of the position and momentum
operator. This is not a coincidence.

We say that two functions f and g are in involution if

{f,g}=0.



1.3 Canonical transformations and generating functions

Classically, physical systems are independent of the change of observer, that is we can
change our coordinate system. In Lagrangian dynamic, where the fundamental object
is the evolution of our particle g, we can find a change of variables Q = F(q) by any
diffeomorphism F' and rewrite the Lagrangian.

In Hamiltonian dynamics, we are working on the phase space R? x R? and our cor-
responding ODE consists of 2d-components. This gives us more flexibility in that we can
find changes of variables that mix ¢ and p. But not every possible change of coordinates
will keep the Hamiltonian structure.

Define a general change of coordinates by

(Q,P): RT x RY = R x R : (¢,p) = (Q(q,p), P(q,p))

and denote its Jacobian D (P, Q)) = J. Then, we have

%Qi(q,p) ={Qi, H}(¢,p) = VQiIV (g nH(q,p) = VQ; - J(D(Q, P))"V (q,p H,

d
api(%p) ={P;,H}(q,p) = VPIV (yH(q.p) = VP; - I(D(Q, P))"V q.rpH.

In total, this demonstrates

%(Q,P) = D(Q,P)I(D(Q, P))"V(q.mH

and the Hamiltonian structure is invariant if and only if the change of coordinates is

symplectic

(D(Q, P))ID(Q, P)" = 1.

Definition 3.20. A change of coordinates (¢, p) — (Q, P) with Jacobian J = D(Q, P) is
called a canonical transformation if

JIT" =1.

Proposition 3.21. The Poisson bracket is invariant under canonical transformations. Con-
versely, any transformation (q, p) — (Q, P) which preserves the Poisson bracket so that

{Qi,Q;} ={P, P} =0 and {Q;, P;} =dy;
is canonical.

Proof. Let f,g: R? x R? — R two differentiable functions and denote by 7 = D(Q, P)
the Jacobian of the canonical transformation. Denote by y = (¢,p) and Y = (Q, P)

of <X af
ayi _;TY]%Z

RESONANCES IN DYNAMICAL SYSTEMS
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Hence,
2d
_ _ N 9y 99
{fug} - v(q,p)f Jv(q,p)g = iél 6yi«]]zk 8yk
2d
of of
5 Tjidlic Tk =
i,j%l::l an e lkaYl
N~ 0fy 0f
Gil=1 0Y; 7oY.

For the converse, note that for a general transformation, we have
2Q  0Q
-5 %)
dq Op
But then, we can compute
[ 1 79 P

So whenever the canonical Poisson bracket relations are satisfied, the transformation is

canonical. 0

In certain situations, there is a simple method of constructing a canonical transforma-
tion between the coordinates (g, p) and (@, P). Assume we are given a function F'(q, P)

depending on the old positions and new momenta’ such that

0*F
det <aqiapj>1‘j 7& 0

Then we may construct a canonical transformation via

OF oF

Di

Definition 3.22. The function F is called the generating function of the canonical trans-
formation.

Proposition 3.23. The change of coordinates given by a generating function F = F(q, P)

with o2
F
det
¢ <aQian)i]‘ # 0
defined by
oF oF
pi = s and Q;= 57P1

is a canonical transformation.

Proof. By Proposition 3.21 it is enough to study the Poisson brackets. Note that

o _ O°F _0Q

P  0q0P  9dq’

7 'This might look very strange at first sight, but it will
come in very useful in the next section.



Inserting this into the Poisson brackets gives us the canonical relations: it is

0Q oP 0QoP
(@)= 54 3, ~ 0y 0y

_oQop
dq dp

_9°F ( O*F )1
dqdp \ 0qOP

=1d.

This proves the claim. 0

2 Integrability and the Arnold-Liouville theorem

In this next section, we will define the notion of complete integrability for Hamiltonian.
For this special class of Hamiltonian systems, we will construct a canonical transforma-
tion which makes the dynamics very easy to understand. This is known as the Arnold-
Liouville theorem.

2.1 Complete integrability

Recall that we have seen that we can always find at least one integral of motion, that is
the Hamiltonian H itself.

Definition 3.24 (Completely integrable Hamiltonian system). A Hamiltonian system
with Hamiltonian H : R? x R? — R is (completely) integrable if it possesses d integrals of
motion f1 = H, fa,..., fq so that

(a) these integrals of motion are functionally independent, thatis V f1,..., V fy are
linearly indendent on a dense, open subset of R x R¢,

(b) they are pairwise in involution with respect to the Poisson bracket, i.e.
{fi, f;} =0, foralli,je{1,...,d},

(c) the vector fields X;, = JV f; are complete®.
Example 3.25. Let d = 1. Hamiltonian systems with Hamiltonian H: R x R — R so that

V H(q,p) # 0 on an open, dense subset are completely integrable with the choice I; = H.

2.2 Interlude: Lie group actions, and Noether’s theorem

Before studying integrable Hamiltonian systems in more detail, we go back to the two-
body problem and show that it is integrable.
Recall the following definition.

Definition 3.26 (Lie group and associated Lie algebra).

RESONANCES IN DYNAMICAL SYSTEMS

8 A vector field is called complete if it generates a global
flow.
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1) A Lie group is a finite-dimensional smooth manifold G that carries a group structure
for which the product map G x G — G : (g,h) — g - h and the inverse map
G — G : g+ g~ ! are smooth.

2) Given a Lie group G, we associate the Lie algebra’
g=T1.G,
where e denotes the neutral element of the Lie group G.
Example 3.27.
(1) The group of symplectic matrices Sp(d) is a Lie group with Lie algebra sp(d).

(2) The group of orientation-preserving linear isometries SO(d) is a Lie group with Lie

algebra so(d).

Proposition 3.28. For each element & € g of the Lie algebra g of a Lie group G, there exists
a unique function f¢: R — G such that

fe(s+1t) = fe(s)fe(t), foralls,t € R

and such that
fe(0) =¢.
fe is called exponential and we denote f¢(t) = exp(t£).1°

Example 3.29. In the case G = Sp(d) or G = SO(d), it holds exp(t£) is the usual matrix

exponential.
Definition 3.30 (Actions of Lie groups).

1) An action of a Lie group on a manifold M is a group homomorphism ¢: G —
Diff (M). We usually denote g.m = ¢(g)(m).

2) If M = R? x R, we say that the action is symplectic if ¢(g) is symplectic for every
geaqG.

As we can see, the Lie groups!! from the example act on the phase space. When the Lie
group acts by symplectomorphisms, they keep the Hamiltonian structure of the flow.

Definition 3.31. Let 1 be a Lie group action on R??. We define the map ¥: g —
c>® (R2d; RQd) by

W(E)(r) = S olexp(ic),7)
for every f € C°°(R? x R?).

Definition 3.32 (Hamiltonian action). We call a symplectic action Hamiltonian if ¥ (§)
is a Hamiltonian vector field for each ¢ € g. 1> We define the co-moment map ®: g —
COO(M) so that \I/(f) = JX(D(@.

Definition 3.33. A Lie group G is a symmetry group of a Hamiltonian system if there
exists a Hamiltonian action v such that H o ¢(g) = H for every g € G.

? Recall that an algebra is called a Lie algebra if it carries
a bilinear, anti-commutative form that satisfies the Jacobi
identity, cf. Lemma 3.15.

' For a general Lie group G, we can define the map f¢ as
the flow of the vector field

Xe(g) = dLg(e)(§) € TyG,

where Ly (h) = g - h is the left multiplication.

' In our case of Hamiltonian systems on linear spaces,
strictly speaking we don’t need to use the terminology
of Lie groups. We introduce the technology here anyway
to help the reader generalise the notions to the case of
symplectic manifolds. This will also be useful later.

12 This definition is not without subleties. For once,
we could have also defined a Hamiltonian action to
be a group action of a Lie group G by Hamiltonian
symplectomorphisms, that is by symplectomorphisms
given by the flow w.r.t. a family of smooth Hamiltonians.
In fact, if the first deRham-cohomology vanishes,

and this is the case for our linear space, then there

is no difference between an action of a Lie group by
symplectomorphisms and a Hamiltonian action. This
general fact from symplectic geometry is beyond the
scope of this lecture.



Example 3.34. For V': [0, 00) — R consider the Hamiltonian

H(a,p) = 5o~ V(lal).

Then SO(3) is a symmetry group for the Hamiltonian system via the induced Hamilto-
nian action on R? x R< by acting on the first coordinate.

Theorem 3.35 (Noether’s theorem). If G is a symmetry group of a Hamiltonian system and
®: g — C®(R? x RY) is its co-moment map, then for every & € g the function ®(¢) is an
integral of motion.

Corollary 3.36. Any Hamiltonian system of the form H(q,p) = % + V(|q|) with a central
force field is completely integrable. In particular, the Kepler problem, cf. Example 3.13, is
completely integrable.

Proof. Note that dimso(3) = 3. Consider a basis {1, &2, &3 of 50(3). Then ®(&1), ®(&2)
and ®(£3) are integrals of motion. Note that since (R?, x) and s50(3) are isomorphic, we
can identify ®(¢;) with the angular momentum L;. O

Theorem 3.37. Ifd = 3, then any Hamiltonian system of the form H(q,p) = @ +
V(|q|) with a central force field is completely integrable. In particular, the Kepler problem, cf.
Example 3.13, is completely integrable.

Proof. Consider L = g x p. We have already seen that the canonical Poisson relations are
given by {L;, L;} = €;;; L. Note that from Corollary 3.36 we conclude that {L;, H} = 0.
Furthermore, observe that

{L3+ L2+ L3 HY=0.

Now, we can see that the three constants of motion H, L; and L% + L% + L% are function-

ally independent to conlude the proof. O
There are a few more known examples of completely integrable systems.
Example 3.38.
(1) The harmonic oscillator

izlﬁ wiq?

H(q,p) = T3 5

is completely integrable.

(2) The planar movement of a body under gravitational attraction of two fixed central
bodies

1
H(g,p) = 5(17? +p3) — Pl

where 1 and 79 are the distance of the moving body from the two central bodies
ri=/(a+c)?+a, r=y/(1—-¢c?>+¢ (3.7)

(3) Certain spinning tops, such as the Euler, Lagrange and Kovalevskaya spinning top

are integrable, see [Aud99].

RESONANCES IN DYNAMICAL SYSTEMS
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2.3 The Arnold-Liouville theorem

Definition 3.39 (Lagrangian submanifold). A submanifold M of R? x R? with the
symplectic form w is called Lagrangian of w|p; = 0 and M is maximal with this property.

Remark 3.40. Note that Lagrangian submanifolds have dimension d.

Theorem 3.41 (Arnold-Liouville theorem). Consider a completely integrable Hamiltonian
system f = (f1,..., fa) with Hamiltonian H = f,. For c € R? define the level surface'

M. ={(¢,p) €R! xR": f(q,p) = c}.
Assume that c is a regular value for f. Then

1) If M. is compact and connected, then it is a Lagrangian submanifold which is diffeo-
morphic to the torus T = S x ... x S1.

2) There are coordinates 0 = (61, ...,04) on this torus such that the dynamics of the

Hamiltonian system are given by

0; =wi(l,... la), i=1,...,d.

3) In a neighborhood of this torus in R x R one can introduce action-angle coordinates
(0, 1) such that the angles (01, . ..,04) form a coordinate system for M. and the actions
(I,...,14) are first integrals.

4) The change of coordinates (q,p) — (0, I) is canonical and in the new coordinates, the

dynamic is given by
éi:wi(ll,...,ld), izl,...,d,
I;=0, i=1,...,d.

The proof is lengthy and not without technicalities. We split the proof into two parts.

2.4 The geometry of M. and angle variables
For the first part of the proof, we need some algebra.

Lemma 3.42. Let {0} # I' C R be a discrete additive subgroup. Then there exists
1 <m < d andm linear independent vectors vy, ..., U, € R? such that

m

= @ka.
k=1

The following result is a generalisation of the orbit-stabiliser theorem for actions of
groups on a set to the situation of the action of a Lie group on a manifold, see e.g. [BD95,
Prop. 4.6].

Proposition 3.43 (Orbit-stabiliser theorem for Lie groups). Let M be a manifold equipped
with a smooth and transitive action of a Lie group G. Denote form € M the stabiliser

Stab(m) ={g € G : g.om =m}.

Then the spaces M and G/ Stab(m) are diffeomorphic.

13 Note that we know that solutions of the Hamiltonian
system stay on M.



And we also need some differential geometry. By the inverse function theorem and
from the condition that the functions fi, ..., f; are functionally independent, we may
already conclude that for any regular value ¢ € R for f, the space M, is a manifold.

Since Xy, , ..., Xy, forms a basis of the tangent space, this manifold is d-dimensional.

Lemma 3.44. Define X; := Xy, = JV f. Then the X; are vector fields on M such that
[X;,Y;]=0foralli,j=1,...,d

Theorem 3.45. Let M be a manifold and X,Y : M — T M vector fields with flows ®;<
and ®) . Then [X,Y] = 0 if and only if their flows commute, that is

DX 0 ®Y =Y 0@ forallt,s.

We split the proof of Theorem 3.41 into two parts. First, we show that, for any regular
value c of f, M. is diffeomorphic to Tk x Rk,

Proposition 3.46. Let M be an d-dimensional equipped with d linearly independent,
complete vector fields X1, ..., X4 so that

[XZ',XJ'] = Xz o Xj - Xj ] Xl =0.
Then there exists k € {0,...,d} and a diffeomorphism
M =Tk x RF, (3.8)

Proof. Denote by ®} the flow of the vector field X}. Since [X;, X;] = 0, Theorem 3.45
implies that the flows commute. This allows us to define a transitive action of R? on M in
the following way:

PRI M — M ((t, ... ta),m) = ®f o 0@ (m).
Now, fix mg € M and define
I'= {t € Rd : ’(ﬂ(tﬂ’flo) = mo} = Stab(mo).

Observe that since the vector fields are complete and span the tangent space at every
point, this gives a transitive action. Then by Proposition 3.43, we already know that M =
R?/T. It remains to prove that I' is discrete and does not depend on the choice of m.

Let m; € M be another point. Since the action is transitive, there is r € R? such
that 1(r,mg) = my. Lett € T, then¢(t,my1) = (¢, (r,mg)) = Y(r + t,mp) =
P(r,(t,mo)) = ma.

To show that the subgroup is discrete, notice that the map ¥,,, = ¥(-,mq): R? — M
is, by construction, a local chart of M at my, that is there are neighborhoods 0 € V' C R4
andmg € U C M so that ¢,,,,: V — U is a diffeomorphism. But since ,,,(0) = my,
this means that ¢ = 0 is the only element in I' N V. Arguing in the same way for any other
t € I' shows that I is discrete.

Now using Lemma 3.42 we may conclude that I' = Z for some 0 < k < d. After lifting
this isomorphism to an isormophism of R¢, we may conclude that R?/I" = R%/7ZF =
T* x R"~*, hence concluding the proof. O
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We have actually already constructed the angle variables. Therefore, observe that we
have constructed a commutative diagram

dA: ()= (ty,...ta)
ey

R R

p: (¢,y)—(¢ mod Z,y) (t1,eees ta)—(t,mo)

T+ x Ré-F — A4 4 Ar,
We can use this commutative diagram to see that we have constructed the angle coor-
dinates.

Corollary 3.47. If M, is compact and connected, then is is diffeomorphic to the torus T?.
Furthermore, on the torus there are coordinates 61, . . ., 04 such that the phase flow of the
Hamiltonian H = f is a periodic motion in these coordinates, that is

0 = w(f).

Proof. By Proposition 3.46, we have already seen that M, = T* x R4~* Butif M, is
compact, then k = d and M, = T<. Now consider the flow of the Hamiltonian <I>% and let
x € M.. Since (-, mq) is surjective, there is r € R such that ¥ (r,mg) = x. Hence,

<I>t1(33) = 1(ter,x) = Y(tey +r,mo) = o A(tA_161 + A7y mo)
= Aop(tA~te; + A7),

Hence, under the flow of A the coordinates § = (61, ..., 04) satisfy 6(¢) = wt + 6(0) with
w = A"'e; and #(0) = A~!r. This concludes the proof. O

2.5 The action variables

In the previous subsection, we have seen that M, = T¢ and the dynamics of the Hamilto-
nian system on the torus is conditionally periodic. In order to obtain a global understand-
ing of the integrable Hamiltonian system, we want to understand the dynamics on all tori
simultaneously. Therefore, note that for each value ¢, at least as long as M, remains com-

pact, we obtain that M, looks like a torus. Stated differently, the phase space is foliated by

tori.
Indeed, a neighborhood of M, in phase space'* topologically looks like a product of 1 Note that the set of regular points is open.
T% and an open ball in R?. Considering the vector f = (fi,..., f4) of our integrals, the
dynamics in this neighborhood are very simple
d d
—f=0, —0= .
Cr=0 So=wlp)

Unfortunately, the change of coordinates (¢, p) — (0, f) is not canonical. In order to
remedy this problem, we need to redefine the integrals. We start by discussing this in the
caseof d = 1and f; = H.

Example 3.48 (Action coordinates in d = 1). Consider the Hamiltonian given by

2

Hmm=%+ww
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Recall that since H is a constant of motion and VH # 0 if (p, q) # 0, these Hamiltonian
systems are always integrable, so the manifold M, is given by the level sets of the Hamil-
tonian. These level sets look like tori in phase space and are parametrised by 6. In order to
find the correct choice for I, we will look for a canonical transformation (g, p) — (6, 1),

where in a neighborhood of M., we have

I=1(c), 46 = 2r.
M.

In order to construct the canonical transformation, we look for a generating functoin
F(q,I). Then, we need

oF oF OF ~

Locally around M., we may write p as a function of g and ¢
p=rp(q,¢) = v2(c—V(q)).

Then the first condition for our generating function motivates

1
F(q,I)Z%/[ ]p(q,C)dq
xo,T

where, for fixed zg € M. = Mj,(r) [0, ] is a curve connecting xo and = on M, and

I'=1I(c) 1/p(q70)dq,

:% !

where . is one cycle in T X {c}. Since we know that p = ¢, we also find if the orbit has

2
1:/ dt
w

c

1
= —d
/% p(g,c) 1

— [ VA Vi)
_ %/ 2(c—V(9) dg.

This last step needs explanation since . also depends on c. But if we change c to ¢ + Ac,

period w that

then we get a term of lower order since both the region of integration changes by order
Ac and the integrand changes. In total, we find

2w 9 dl
— =2T—.
w de

Next, note that we may then invert the relationship between I and ¢ and write ¢ = ¢(I).
This gives us the definition

F(q,1) —/[ ]p(q,C(I))dq,
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where [qo, q] is a segment on M. = M,(y). Note that we get

oF

5 7

for free. To determine %—?, observe that after one full cycle, we land in . + [qo, ¢] and find

Flg.T) = / p(g,¢)dq = 201 + F(q, T),
Ye+[q0,4]

so the function F' is multi-valued which corresponds to § being an angle. But now, this
gives
oF

Finally, since the definition of I only depends on c, this also proves that I = 0. This

concludes the construction.
Exercise. Find S and I for the harmonic oscillator.

Now, we may generalise this construction to higher-dimensional integrable Hamilto-

nian systems in the following way. Assume that we have

de t(ap) £0. (3.9)

Since M. = T4, let Y1, -..,74 denote the cycles, i.e. in the coordinates on T4, we have

eg. v = {0}~ x St x {0},

Definition 3.49. Consider an integrable Hamiltonian system on R¢ with corresponding

integrals fi1,..., fq. For j =1,...,d, the numbers

1

Ii = L;i(fi,..., fa) = %/ p(g,c)dg
Vi

are called action variables.

We need to show that the definitions are independent of the exact parametrisation of

the torus.

Lemma 3.50. Lety; denote any other cycle in direction 0; of the torus and denote

~ 1
I = — - dq.
i= 5 /%p(q,C) q
Then Ij = I~J

Proof. Observe that since on M. it holds f;(q,p(q,¢)) = ¢;, we may differentiate by gy,

and obtain

8fz afz 8]91 o
Oqr. Z p Oq



Using that f; and f; are in involution, we obtain

Oz{fzaf]}
& /of0f  of 0f
_;<3Qk3pk_3pka%>

[
M=~

[(-2s0m) ot s (_os )]
bi=1 Op; Oqr ) Opy, O dpy Oqp

_y [(-200mY 25 _ 01 (00 o)
Opr Oq1 ) Opr Opr \ Op; Oqi

k=1
-y O (O _0n) 0L
<= Opr \Oar,  Oqi ) Opr-
=
Using (3.9) again, this implies that
Opi Opx

dqr O

First assume now that w.lo.g.!® j = 1 and y; = S' x {0}¢~ L and 7 = S x {a} x {0}4~2,

Now define A the area enclosed by the curves v, and 4. Then by Green’s theorem
L—1 =/ plg,c) - dq—/ plg,c) - dg
7 ol

= / p1dgr + p2 dgo
9A

Op1 Op2
— — —Zdgq1 d
4002  Oq 7 e

0.

This proves the claim. 0

Now we are in the position to complete the complete proof of the Arnold-Liouville

theorem.

Proof of Theorem 3.41. Step 1. We have seen in Corollary 3.47 that if M, is compact, then
it is diffeomorphic to the torus T?. Since M, is d-dimensional and in order to prove that
M. is a Lagrangian submanifold, it suffices to prove that w vanishes on T},, M, for every
m € M,. But observe that the tangent space is spanned by the vector fields X1, ..., Xq4
and they satisfy

w(Xi(m), Xj(m)) = Xpd Xy =0.

Step 2. We have constructed the angular variables in Corollary 3.47.
Step 3. Since the action variables are only dependent on ¢ and the dynamics takes place
on the manifold M., we have I = 0.

Step 4. We again need to check that the generating function

F(q,f):/ p(g,c)- dg
[q0,4]
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1> For the general case, just iterate this argument.
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satisfies

0q; - oI, i

The first claim follows immediately from the definition and the third claim from Step 3.

oo —m gp =0 wnatt (4,50) = D)

The second claim follows as in Example 3.48. O

Remark 3.51. In general, the manifold M, ceases to exist for critical values of f. These
critical values correspond to separatrices which separate phase space into different parts
in which the dynamics might look slightly different. Compare this to the one-dimensional
pendulum, where the separatrix divides the phase space into a part of oscillations and

rotations, cf. Example 3.3.

The Arnold-Liouville theorem provides us with a complete understanding of the dy-
namics of integrable systems. From the initial condition, we determine I = Ij and a
corresponding torus on which the dynamics is conditionally periodic.

Definition 3.52. Let T? be the d-dimensional torus and # = (61, .. .,6;) mod 27 angular
coordinates and w = (w1, ...,wy) € [0,27)%. By a conditionally periodic motion we mean
solutions to the differential equations

0 =w.

w1, ... ,wq are called the frequencies of the conditionally periodic motioin. The frequen-

cies are called independent if they are linearly independent over Q.

Solutions to conditionally periodic motions are lines
0(t) = 0y + wt
and these trajectories are called a winding of the torus.

Theorem 3.53. If the frequencies are independent, then every trajectory is dense on the torus
T,

Proof. The proof relies on ergodicity of the dynamical system. If we can prove that for
any continuous function f on T¢ and any initial condition 6y it holds
T 1

1
Jim 7 | f(00+wt)dtzw 9 £(6)do, (3.10)

then the theorem follows. Indeed, assume that there is a trajectory which is not dense.
Then there is an open set U so that y + wt ¢ U for every t > 0. But then, define a func-

tion f with spatial average equal to one and f = 0 outside of U to obtain a contradiction.
To prove (3.10), we approximate continuous functions by trigonometric polynomials

P6) = Z ape™?
kezd
where only finitely many a, # 0. Then, for k € Z% \ {0} and f(p) = e'*'¥, we may
compute

1 /T 1T ik-00 gikwT _ |
— | fOo+wt)dt=— [ eltothutq = €

—_— 0
T 0 T 0 Zk W T -
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ast — oo and

/ 040 = 0.
’]I‘d

The case k = 0 follows immediately and the case of trigonometric polynomials follows
from linearity of both sides. Approximating a continuous function by trigonometric poly-
nomials gives us (3.10). O

3 KAM theory
4 Then-body problem and the solar system

5 Additional remarks and literature
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